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Introduction and Motivation
Vision

Generative AI has been entering a new era. Many opportunities beyond text,
images, video, etc.

I believe it is important for us to position ourselves at the frontier of this
shift. This is the natural next step.

Structure of today’s talk

Cascading Extremes.

Generative Transformer-Based Approaches for Cascading Extremes.

Vision
A cutting-edge risk engine for generative cascades of extremes.
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Abstract This paper addresses the growing concern of cascading extreme events, such as an
extreme earthquake followed by a tsunami, by presenting a novel method for risk assessment
focused on these domino e!ects. The proposed approach develops an extreme value theory
framework within a Kolmogorov–Arnold network (KAN) to estimate the probability of one
extreme event triggering another, conditionally on a feature vector. An extra layer is added
to the KAN architecture to ensure that the parameter of interest lies within the unit interval,
and we refer to the resulting neural model as KANE (KAN with Natural Enforcement). The
proposed method is backed by exhaustive numerical studies and further illustrated with real-
world applications to seismology and climatology.

Keywords Bernoulli process, Chained extreme events, KAN, Kolmogorov superposition
theorem, Neural network, Multivariate extremes, Regression models for extremes

1 Introduction

Record-breaking extreme events—such as catastrophic wildfires, unprecedented flooding, in-
tense hurricanes, and unparalleled heatwaves—underscore the urgent need to strengthen our
quantitative understanding of these occurrences. Extreme Value Theory (EVT) o!ers a solid
mathematical framework, leveraging regular variation and asymptotic principles to estimate
risks of such events by extrapolating beyond the limits of available data, into the tails of a
distribution (Coles 2001; Beirlant et al. 2004; de Haan and Ferreira 2006; Resnick 2007; de
Carvalho et al. 2026).

While it is widely recognized by practitioners that extreme events tend to occur in complex
sequential forms (Cutter 2018; Raymond et al. 2020), statistical modelling of this context from
an EVT viewpoint is still underdeveloped. Multivariate EVT, though a natural starting point,
falls short by: i) disregarding the triggering role of certain events; ii) overlooking the order and
sequential nature of extreme event cascades; iii) lacking the ability to model feedback loops
between events.

Inspired by the multivariate EVT framework, this paper introduces a novel concept—the
POC (Probability of Cascade) surface—which assesses the probability of domino e!ects between
extreme events conditionally on a covariate or feature vector x = (x1, . . . , xd)

T. As it will be
shown below, the POC surface can be interpreted as the probability of a cascading extremal
event, as it quantifies the probability that a trigger event (such as an earthquake exceeding
magnitude u) results in a follow-up event (like a subsequent tsunami) as a function of a covariate.
The proposed POC-based approach is fully general in the sense that the focus can be placed
beyond the case where follow-up event is binary. In particular, we extend the framework to a
multi-class setting, allowing for di!erent types of follow-up extreme events, and to an ordinal
context, enabling follow-up extreme events to vary in ordinal severity. The case where the

Miguel de Carvalho
Miguel.deCarvalho@ed.ac.uk

1 School of Mathematics, University of Edinburgh, The King’s Buildings, Edinburgh, EH9 3FD, UK
2 Department of Mathematics, University of Aveiro, Portugal
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Part I

Neural Statistical Modeling of Cascading Extremes
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Introduction and Motivation
Compound, Cascading, and Complex Extreme Events

While it is widely recognized by practitioners that extreme events tend to
occur in complex sequential forms (Cutter2018; Raymond et al.2020),
statistical modelling of such context from an EVT viewpoint is still
underdeveloped.

Multivariate EVT, though a natural starting point, falls short by:

disregarding the triggering role of certain events;

overlooking the order and sequential nature of extreme event cascades;

lacking the ability to model feedback loops between events.
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Introduction and Motivation
The POC Surface

Inspired by the multivariate EVT framework, in this talk I introduce a novel
concept, the POC (Probability of Cascade) surface, to assess the
probability of domino e!ects between extreme events conditionally on a
covariate or feature vector x → Rp.

The proposed POC-based approach is fully general in the sense that the
focus can be placed beyond the case where follow-up event is binary.

In particular, we extend the framework to a multi-class setting, allowing for
di!erent types of follow-up extreme events.

The case where the follow-up event is continuous includes as a particular
case the conditional coe"cient of extremal dependence introduced by Lee
et al.2024).
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Background

To learn about the POC surface from the data, we develop a neural model
grounded on Kolmogorov’s superposition theorem.

Superpositions are functions of functions.

Example (Superposition of univariate and bivariate functions)

f (x1, x2, x3) = g
(
a(ω(x1),ε(x2, x3)), b(x1, x2)

)
.

Theorem (Kolmogorov’s superposition theorem)

Let f : [0, 1]d ↑ R be a continuous function. Then,

f (x) =
2d+1∑

i=1

!(2)
i




d∑

j=1

!(1)
i ,j (xj )



 , x = (x1, . . . , xd)
T,

for some continuous one-dimensional functions !(1)
i ,j and !(2)

j .
A. Kolmogorov
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Background

From an AI perspective, the theorem reveals a two-layer neural network
architecture recently popularized by Liu et al.2024) following their extension
to deeper settings.

While multi-layer perceptrons are inspired by the universal approximation
theorem (e.g., Berlyand and Jabin2023), Kolmogorov–Arnold Networks
(KAN) are a novel and fast-evolving addition to the AI toolbox, and are
rooted on Kolmogorov’s superposition theorem.

A particularly impressive aspect of KAN is that they are based on the
principle any multivariate continuous function can be expressed exactly using
only 2d + 1 outer functions and d inner functions.

In addition to the many developments following Liu et al., it should be
noted that other neural approaches based on this theorem had already
appeared in the literature (Lin and Unbehauen1993; Sprecher and
Draghici2002; Montanelli and Yang2020; Fakhoury et al.2022).
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Cascading Extremes
Modeling Chained Extreme Events

Let I = {Iu : u → R} be a Bernoulli process and Y ↓ FY be a continuous rv.

We start by introducing the following functional, referred to as alpha, which
plays a central role in our developments:

ω ↔ ωI = lim
u→y ↑

P(Iu = 1 | Y > u).

Notation: y ↑ = sup{y : FY (y) < 1} is the right endpoint of FY .

Loosely, ω is the probability of a follow-up event (like a tsunami Iu = 1),
given a trigger event (such as an earthquake exceeding magnitude u).

The nature of the Bernoulli process I defining the follow-up event opens up
a variety of modeling possibilities as illustrated below.
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Examples of Alpha

Example (Tail dependence coe"cient)

If Iu = I (Z > u), where Y and Z have common distribution, then

ωTDC ↔ ωI = lim
u→y ↑

P(Z > u | Y > u).

Thus, ω includes the well-known tail dependence coe"cient as a special case
when the follow-up event involves Z being extreme and observable. ↭

Example (Extremal probabilistic index)

If Iu = I (Z > Y ), then

ωPI ↔ ωI = lim
u→y ↑

P(Z > Y | Y > u),

which can be regarded as extremal version of the probabilistic index (Thas
et al.2012). ↭
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POC Surface
Setup and Definition

Our setup keeps in mind that for some applications the variable Z in the
above examples might be latent, but it assumes that the Bernoulli process I
is always observable.

In practice it is desirable to assess how the ω functional may be impacted by
a covariate or feature.

Definition (POC Surface)

Let x = (x1, . . . , xd)T → X ↗ Rd . The probability of cascade surface is defined as

POC = {(x,ωI (x)) : x → X}, ωI (x) = lim
u→y ↑

P(Iu,x = 1 | Yx > u),

where I = {Iu,x : (u, x) → R↘ X} is a random field with Bernoulli marginal
distributions and {Yx : x → X} is a random field.
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POC Surface
A Kolmogorov–Arnold Approach for Learning from Data

Starting Point (KAN):

ωI (x) =
2d+1∑

i=1

!(2)
i




d∑

j=1

!(1)
i ,j (xj )



 .

Or in function matrix notation

ωI (x) = (!(2) ≃!(1)) x,

where

!(1) =





!(1)
1,1 · · · !(1)

1,d
...

. . .
...

!(1)
2d+1,1 · · · !(1)

2d+1,d



 , !(2) =





!(2)
1
...

!(2)
2d+1





T

.

Issue: ωI (x) may not be in [0, 1]!
M. de Carvalho Cascading Generative Extremes 14 / 59



POC Surface
KANE: KAN with Natural Enforcement

Refined Version (KANE): Let g : R↑ [0, 1], and set

ωI (x) = g




2d+1∑

i=1

!(2)
i




d∑

j=1

!(1)
i ,j (xj )







 .

Or in function matrix notation ωI (x) = g(!(2) ≃!(1)) x. Now: ωI (x) → [0, 1].
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Deep POC Surface
A Deep Version of the Model a la Liu et al.

Deep Version (L Layer Model): Let g : R↑ [0, 1], and set

ωI (x) = g(!(L↓1) ≃ · · · ≃!(1)),

where

!(l) =





!(l)
1,1 · · · !(l)

1,nl
...

. . .
...

!(l)
nl+1,1 · · · !(l)

nl+1,nl



 ,

where nl is the number of nodes in the lth layer.
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Deep POC Surface
A Kolmogorov–Arnold Approach for Learning from Data

Consider m + 1 equally-spaced knots, t0 < · · · < tm. We model the inner
and outer functions as a linear combination of B-spline basis functions, that
is,

!(l)
i ,j (x) =

K∑

k=1

ε
(l)
i ,j ,kB

p
k (x),

for i = 1, . . . , d , where B p
k (x) is a B-spline basis function of degree p

evaluated at x and K = p + m.

The parameter of interest is given by the following collection of matrices

ω(l)
k =





ε
(l)
nl ,1,k · · · ε

(l)
nl ,d ,k

...
. . .

...
ε
(l)
nl+1,1,k · · · ε(l)nl+1,d ,k



 ,

where k = 1, . . . ,K and l = 1, . . . ,L.
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Consequences & Extensions
Multi-Trigger Systems

In practice, multiple competing incidents can contribute to trigger in the
follow-up event.

To address this we define a multi-trigger system where we consider
Y1, . . . ,YK as a sequence of identically distributed random fields with

Yk = {Yk,x : x → X}, k = 1, . . . ,K .

Our framework extends to the framework of K trigger events by considering

ωI (x) = lim
u→y ↑

P(Iu,x = 1 | Y1,x > u ⇐ · · · ⇐ YK ,x > u).

This formula simplifies to the original single-trigger case by defining
Yx = min{Y1,x, . . . ,YK ,x}, and hence the theory and methods discussed
earlier readily apply to this context as well.
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Consequences & Extensions
Categorical, Ordinal, and Continuous Follow-up Events

In real-world applications, the follow-up extreme event may come in
di!erent flavors or categories.

Example
For example, j = 0 may represent no tornado, j = 1, supercell tornado, and
j = 2 a non-supercell tornado.

The proposed cascading probability surfaces naturally extend to this context
as follows

ωI (x)(j) = lim
u→y ↑

P(Iu,x = j | Yx > u),

where j = 0, . . . , J.
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Theoretical Properties
The Kolmogorov Superposition Operator

Highlight
As shown below small perturbations in the inner and outer functions induce only
small perturbations in the resulting function.

Throughout, ⇒f ⇒↔ ↔ ⇒f ⇒A↔ := supx↗A |f (x)|, and C (A) and CLip(A) denote
the spaces of continuous and Lipschitz continuous functions on A ↗ R.

Let I = {1, . . . , 2d + 1} and J = {1, . . . , d}.

Finally, we equip C ([0, 1])(2d+1)d ↘ CLip(R)2d+1 with the max norm

⇒!⇒ = ⇒(!(1),!(2))⇒ = max(m1,m2),

where
m1 = max

(i ,j)↗I↘J
⇒!(1)

i ,j ⇒↔, m2 = max
i↗I
⇒!(2)

i ⇒↔.
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Theoretical Properties
Continuity of Kolmogorov Superposition Operator

Theorem

Consider the operator

K : C ([0, 1])d(2d+1) ↘ CLip(R)2d+1 ↑ C ([0, 1]d),

defined by K (!(1),!(2))(x1, . . . , xd) =
∑2d+1

i=1 !(2)
i (

∑d
j=1 !

(1)
i ,j (xj )), with

!(1) =
(
!(1)

i ,j

)
(i ,j)↗I↘J → C ([0, 1])d(2d+1), !(2) =

(
!(2)

i

)
i↗I → CLip(R)2d+1,

and I = {1, . . . , 2d + 1} and J = {1, . . . , d}. Then, K is a continuous operator.
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Monte Carlo Simulation Study
Scenarios A
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Real Data Illustration
Applied Rationale and Data Description

Coastal regions are highly vulnerable to tsunamis, with their impacts often
compounded by extreme earthquakes that act as primary triggers.

We now apply the proposed method to quantify the probability of cascade
for tsunami occurrence triggered by extreme earthquakes.

Our analysis uses data from the NCEI/WDS Global Significant Earthquake
Database, provided by the NOAA National Centers for Environmental
Information.

The dataset contains over 5 700 significant earthquakes from 2150 B.C. to
present, defined by criteria such as fatalities, damages over $1 million,
Modified Mercalli Intensity (MMI) X or greater, or the earthquake generated
a tsunami.

Each observation includes event date, location, depth, magnitude, MMI,
and socio-economic impacts (casualties, injuries, property damage), with
references and notes on related events like tsunamis and eruptions.
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Real Data Illustration
Implementation

We threshold the data at their 95% threshold for fitting the POC surface
and consider the features,

(latitude, longitude, depth).

We transform longitude and latitude coordinates to the unit square for
modeling purposes.

Finally, we fit a KAN model with three layers, using a sigmoid activation
function at the output.
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Real Data Illustration
Visualization

Figure: Point pattern of earthquakes (red) and associated tsunami occurrences (blue).

M. de Carvalho Cascading Generative Extremes 27 / 59



Real Data Illustration
POC Surface—Depth: Percentile 5
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Part II

Generative Transformer-Based Approaches for Cascading Extremes
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Rationale
Cascades are Natural Models for Generative Extremes

Chains of extreme events and cascades of extreme events as proposed in
de Carvalho et al.2026) o!er a natural starting point for thinking about
generative extremes.
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Context
Attention is All you Need

The starting point for the construction of our first generative AI approach
for extreme events is based on notions of multi-headed attention as well as
of transformers, as introduced in Vaswani et al (2017); for an introduction
see Bishop & Bishop (2023; §12).
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Context

Whereas the unit of analysis in standard transformers is a sequence of
tokens, in our EVT-based transformer is a sequence of extreme events.

By analogy with language models, where the meaning of a token depends
on its context, the interpretation of an extreme event similarly depends on
the surrounding events.

Example
The sequence of extreme stock losses shown in the above figure is more
indicative of a tech-specific cascade than of a broader macro-financial shock.

The proposed model is conceived to learn from data both:

the most probable continuations of extreme event sequences;

the probabilities of subsequent extremes.
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Setup
Introduction to Geometric Extremes

Let {Yt} = {(Y1,t , . . . ,Yd ,t)T}, be a d-dimensional
stochastic process with standard Laplace margins.

Under regularity conditions (Nolde and
Wadsworth2022; Wadsworth and Campbell2024;
Murphy-Barltrop et al.2025) the joint density satisfies

⇑ log fYt (ux) ↓ u gt(x), as u ↑⇓,

where the gauge function gt : Rd ↑ R+ is continuous
and homogeneous, i.e., for any c > 0

gt(cw) = cgt(w).

The sublevel set

Gt := {x → Rd : gt(x) ⇔ 1}

is known as the limit set.M. de Carvalho Cascading Generative Extremes 33 / 59



Setup
Magnitude and Direction of Extremes

Write Xt = RtWt with

Rt = ⇒Xt⇒, Wt = Xt/Rt → Sd↓1.

On {Rt > ut(w)}, the density of Xt factorizes

ft(x) = fRt |Wt (r | w) ht(w), x = rw.

Here, ht is the angular surface on Sd↓1 (Castro
et al.2018) and fRt |Wt is a truncated gamma
density (Murphy-Barltrop et al.2025):

fRt |Wt (r | w) ↖ {gt(w)}d rd↓1 exp{⇑rgt(w)},

for r > ut(w).
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Time Between Extremes

Time between exceedances is modelled using a (marked) Hawkes process.

Each exceedance temporarily raises the intensity (self-exciting).

The marks take values in Sd↓1 ↘ R+.

The exceedance times T1 < T2 < · · · and marks (Wi ,Ri ) satisfying Ri > ui
form a marked point process

N =
∑

i≃1

ϑ(Ti ,Wi ,Ri ),

with intensity
ϖt = µt +

∑

Tj<t

ϱj (t).

Here µt > 0 is the baseline intensity and ϱj (t) ↙ 0 is the excitation kernel
associated with event j , with ϱj (t) = 0 for t ⇔ Tj and

∫
↔

Tj
ϱj (t) dt <⇓.
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Cascading Extremes

For each event i , the parent variable Pi → {0, 1, . . . , i ⇑ 1} has distribution

P(Pi = 0) =
µTi

ϖTi

, P(Pi = j) =
ϱj (Ti )

ϖTi

, 1 ⇔ j < i .

An event with Pi = 0 is an immigrant; an event with Pi = j ↙ 1 is an
o!spring of event j .

Definition (Cascade)

A cascade C consists of an immigrant i0 and all its descendants under the parent
relation.

Since Pi < i , each cascade is a rooted tree.

The o!spring set of j is

∝j (C) = {i → C : Pi = j}.
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Cascading Extremes

By standard theory of Hawkes processes, each event i generates o!spring as
a Poisson process on (Ti ,⇓) with rate ϱi (t), independently across events.

The mean number of o!spring is the branching ratio

ςi =

∫
↔

Ti

ϱi (t) dt.

Recall that the process is subcritical if ς := supi≃1 ςi < 1, a.s.

Theorem (Cascade termination)

Suppose ς < 1. Then every cascade C satisfies:
(a) |C| <⇓, a.s.;
(b) E(|C|) ⇔ (1⇑ ς)↓1.
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Summary of Model

x1

x2

r

x

x = r w
r = ⇒x⇒, w = x/⇒x⇒

Angular component: Mixture of von Mises.

Radial component: Truncated gamma (Wadsworth–Campbell).

Time between exceedances: Hawkes process.
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Backend of our Risk Enginge
Experimentation Lab
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Backend of our Risk Enginge
Experimentation Lab
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Closing Remarks
Summary

This talk presented a novel statistical framework to tackle the rising
concern of cascading extreme events—like tsunamis followed by earthquakes
or heatwaves sparking wildfires, which in turn lead to further losses.

The proposed approach aims to o!er a novel outlook into triggering
extremal events and their domino e!ects.

KANE, a neural model based on Kolmogorov’s superposition theorem, was
developed to learn about the proposed POC surface.

In addition, I o!ered some remarks on how cascades o!er a natural starting
point for thinking about generative extremes.

Whereas the unit of analysis in standard transformers is a sequence of
tokens, in our EVT-based transformer is a sequence of extreme events.
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Basics on Transformers
Bishop and Bishop (2023, Ch. 12)

Suppose that we are given a set of input tokens x1, . . . , xN in an embedding
space, and we wish to map them to a set of output tokens y1, . . . , yN that
lies in a new embedding space that encodes a richer semantic structure.

Basic idea:

yn =
N∑

m=1

an,m xm

where an,m ↙ 0 and
∑N

m=1 an,m = 1 are are the so-called attention weights.
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Further Details
Modus Operandi

Basic idea

Each event is xi = (Wi ,Ri ,”Ti ) → Rd+2, where ”Ti = Ti ⇑ Ti↓1.

A transformer encoder maps the history until the ith period to a hidden
state,

si = f (x1, . . . , xi ) → RD .

Tree prediction heads (MLPs) then produce from si the parameters of the
next-event densities. Loosely,

si ′↑ #i+1 = ((ϕ,µ,ε),ε, ↼Hawkes).
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Further Details

NVIDIA

Apple

r

x

x = r w
r = ⇒x⇒, w = x/⇒x⇒

Angular component: h(w) =
∑K

k=1 f (µk ,εk).

Radial component: R |W = w,R > uw ↓TruncGamma(d , g(w)).

Time between exceedances: Hawkes process.
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Modus Operandi
Basic idea

Transformer-Based Algorithm for Extremes

1: Input: trigger (W0,R0), horizon t↑ > 0, trained encoder fω
2: T0 ⇐ 0, H⇐ {(W0,R0,T0)}, i ⇐ 0
3: while Ti < t↑ do
4: si ⇐ f (x0, . . . , xi )
5: Wi+1 ⇒ p(w | si )
6: Ri+1 ⇒ p(R | si ,Wi+1)
7: !Ti+1 ⇒ p(!T | si )
8: Ti+1 ⇐ Ti +!Ti+1
9: H⇐ H ⇑ {(Wi+1,Ri+1,!Ti+1)}

10: i ⇐ i + 1
11: end while
12: return H
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Most Probable Continuation

The most probable continuation can be defined as mode of the predictive
distribution

x↑n+1 = argmax
x

p(x | x1, . . . , xn↓1)

This is tantamout to greedy search (Bishop and Bishop2023).

Evidently, this is not the same as the most probable sequence, which is
given by maximizing the joint distribution

(x↑1, . . . , x↑n) = arg max
(x1,...,xn)

p(x1, . . . , xn).
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Further Details
Implemented Model & Training

In practice
4 layers, D = 128, 4 attention heads per layer, sinusoidal positional enconding.

Training

Adam optimizer, constant learning rate 104.

Batch size 16, sequence length 128.

150 epochs, no early stopping, we save the best validation loss checkpoint.

Trained on CPU.
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Supporting Information
Model Checking

Figure: QQ boxplot of Dunn–Smyth residuals.
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QQ Boxplot
Rodu and Kafadar (2022; Journal of Computational and Graphical Statistics)

M. de Carvalho Cascading Generative Extremes 50 / 59



Randomized Quantile Residuals
Dunn and Smyth (1996; Journal of Computational and Graphical Statistics)
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Randomized Quantile Residuals
Scenarios B

Figure: Monte Carlo means for Scenarios B.
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Randomized Quantile Residuals
Scenarios B

Figure: Monte Carlo means for Scenarios B.
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Randomized Quantile Residuals
Scenarios B

Figure: Monte Carlo means for Scenarios B.

M. de Carvalho Cascading Generative Extremes 54 / 59



Randomized Quantile Residuals
Scenarios C

Figure: Monte Carlo means for Scenario C.
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Randomized Quantile Residuals
Scenarios C

Figure: Monte Carlo means for Scenario C.
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Randomized Quantile Residuals
Scenarios C

Figure: Monte Carlo means for Scenario C.
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On the Continuity of POC

Theorem

Let {(Ix,u,Yx) : x → [0, 1]d , u > 0}. Assume:

(a) The mapping x ′↑ P(Ix,u = 1 | Yx > u) is continuous on [0, 1]d , for all
u → R;

(b) The limit limu→y ↑ P(Ix,u = 1 | Yx > u) exists and convergence is uniform in x
over [0, 1]d .

Then, x ′↑ ω(x) ↔ limu→y ↑ P(Ix,u = 1 | Yx > u) is continuous on [0, 1]d .
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Universal Approximation Theorem

Theorem (Universal Approximation Theorem)

Suppose f is a continuous function on a compact space X ∞ Rd and ↽ is not a
polynomial. Then, for any ⇀ > 0, there exists a one-hidden layer neural network
fω such that

sup
x↗X
|f (x)⇑ fω(x)| < ⇀.

Notation: Here fω : Rd ↑ R is a one-hidden layer feedforward neural network
composed of K neurons

fω(x) = b(2) +
K∑

k=1

w (2)
k ↽(∈w

(1)
k , x∋+ b(1)

k ),

where

ϑ := {b(2)} △ {w(1)
k ,w

(2)
k , b

(1)
k }

K
k=1 → # := R↘ (Rd ↘ R↘ R)K ,

and where ∈·, ·∋ is a scalar product on Rd , and ↽ : R↑ R is a non-linear
activation function.
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